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1. (a) Express 
)2(

1
rr

 in partial fractions.

(1) 

(b) Hence show that 
n

r rr1 )2(
4 =

)2)(1(
)53(

nn
nn .

(5)

2. Solve the equation 

z3 = 4 –

giving your answers in the form r(cos + i sin ), where – < . 
(6)

3. Find the general solution of the differential equation 

sin x
x
y

d
d  – y cos x = sin 2x sin x

giving your answer in the form y = f(x).
(8)

4.

Figure 1

Figure 1 shows a sketch of the curve with polar equation 

r = a + 3cos , a > 0,   0 < 2 . 

The area enclosed by the curve is 
2

107 .

Find the value of a.
(8)
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5. y = sec2 x

(a) Show that 2

2

d
d

x
y = 6 sec4 x 4 sec2 x.

(4)

(b) Find a Taylor series expansion of sec2 x in ascending powers of
4

x , up to and

including the term in
3

4
x .

(6)

6. A transformation T from the z-plane to the w-plane is given by

w =
iz

z , z – i.

The circle with equation | z | = 3 is mapped by T onto the curve C.

(a) Show that C is a circle and find its centre and radius.
(8)

The region | z | < 3 in the z-plane is mapped by T onto the region R in the w-plane.

(b) Shade the region R on an Argand diagram.
(2)

7. (a) Sketch the graph of y = | x2 – a2 |, where a > 1, showing the coordinates of the points where 
the graph meets the axes.

(2)

(b) Solve | x2 – a2 | = a2 – x, a >1.
(6)

(c) Find the set of values of x for which | x2 – a2 | > a2 – x, a >1.
(4)

M35144A 3

8.                2

2

d
d

t
x + 5

t
x

d
d + 6x = 2e–t.

Given that x = 0 and 
t
x

d
d = 2 at t = 0, 

(a)  find x in terms of t. 
(8) 

The solution to part (a) is used to represent the motion of a particle P on the x-axis. At time 
t seconds, where t > 0, P is x metres from the origin O.

(b) Show that the maximum distance between O and P is 
9

32 m and justify that this distance is 

a maximum.
(7)
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1. (a) Express 
)23)(13(

3
rr

in partial fractions.

(2) 

(b)  Using your answer to part (a) and the method of differences, show that 

n

r rr1 )23)(13(
3 = .

(3) 

(c)  Evaluate 
1000

100 )23)(13(
3

r rr
, giving your answer to 3 significant figures.

(2)

2. The displacement x metres of a particle at time t seconds is given by the differential equation 

2

2

d
d

t
x + x + cos x = 0. 

When t = 0, x = 0 and 
t
x

d
d =

2
1 .

Find a Taylor series solution for x in ascending powers of t, up to and including the term in t3.
(5)

3. (a)  Find the set of values of x for which 

x + 4 > 
3

2
x

.

(6) 

(b)  Deduce, or otherwise find, the values of x for which 

x + 4 > 
3

2
x

.

(1)
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4. z 8 + (8 3)i

(a) Find the modulus of z and the argument of z.
(3)

Using de Moivre’s theorem,

(b) find z3,
(2)

(c) find the values of w such that w4 = z, giving your answers in the form a + ib, where a, b .
(5)

5.

Figure 1

Figure 1 shows the curves given by the polar equations

r = 2, 0
2

,

and r = 1.5 + sin 3 , 0
2

.

(a) Find the coordinates of the points where the curves intersect.
(3)

The region S, between the curves, for which r > 2 and for which r < (1.5 + sin 3 ), is shown
shaded in Figure 1.

(b) Find, by integration, the area of the shaded region S, giving your answer in the form + b
where a and b are simplified fractions.

(7)

N35388A 3

6. A complex number z is represented by the point P in the Argand diagram. 

(a)  Given that z = z , sketch the locus of P.
(2) 

(b)  Find the complex numbers z which satisfy both z = z and z  = 5. 
(3) 

The transformation T from the z-plane to the w-plane is given by w = 
z

30 .

(c) Show that T maps z = z onto a circle in the w-plane and give the cartesian equation 
of this circle.

(5)

7. (a) Show that the transformation z = 2
1

y transforms the differential equation

x
y

d
d  – 4y tan x = 2

1

2y    (I)

into the differential equation

x
z

d
d  – 2z tan x = 1  (II)

(5) 

(b) Solve the differential equation (II) to find z as a function of x. 
(6) 

(c)  Hence obtain the general solution of the differential equation (I). 
(1)

N35388A 4
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8. (a) Find the value of for which y = sin 5x is a particular integral of the differential equation

2

2

d
d

x
y + 25y = 3 cos 5x.

(4)

(b) Using your answer to part (a), find the general solution of the differential equation

2

2

d
d

x
y + 25y = 3 cos 5x.

(3)

Given that at x = 0, y = 0 and 
x
y

d
d = 5,

(c) find the particular solution of this differential equation, giving your solution in the form 
y = f(x).

(5)

(d) Sketch the curve with equation y = f(x) for 0 x .
(2)
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1. Find the set of values of x for which

3
3

x
>

x
x 4 .

(7)

2. 2

2

d
d

x
y = ex 1

d
d2 2y

x
yy .

(a) Show that

3

3

d
d

x
y = ex 1

d
d

d
d2

d
d2 2

2

2

2

y
x
yky

x
y

x
yy ,

where k is a constant to be found.
(3)

Given that, at x = 0, y = 1 and 
x
y

d
d = 2,

(b) find a series solution for y in ascending powers of x, up to and including the term in x3.
(4)

3. Find the general solution of the differential equation

x
x
y

d
d + 5y =

x
xln , x > 0,

giving your answer in the form y = f(x).
(8)

4. Given that
(2r + 1)3 = Ar3 + Br2 + Cr + 1,

(a) find the values of the constants A, B and C.
(2)

(b) Show that
(2r + 1)3 – (2r – 1)3 = 24r2 + 2.

(2)

(c) Using the result in part (b) and the method of differences, show that
n

r
r

1

2 =
6
1 n(n + 1)(2n + 1).

(5)

P35413A 2

5. The point P represents the complex number z on an Argand diagram, where 

z – i  = 2. 

The locus of P as z varies is the curve C.

(a)  Find a cartesian equation of C. 
(2) 

(b)  Sketch the curve C.
(2) 

A transformation T from the z-plane to the w-plane is given by 

w =
z

z
i3
i , z  3i. 

The point Q is mapped by T onto the point R. Given that R lies on the real axis,

(c) show that Q lies on C. 
(5)

P35413A 3
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6.

Figure 1

The curve C shown in Figure 1 has polar equation

r = 2 + cos ,      0 
2

.

At the point A on C, the value of r is 
2
5 .

The point N lies on the initial line and AN is perpendicular to the initial line.

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the initial line and the 
line AN.

Find the exact area of the shaded region R.
(9)

7. (a) Use de Moivre’s theorem to show that

sin 5 = 16 sin5 – 20 sin3 + 5 sin .
(5)

Hence, given also that sin 3 = 3 sin – 4 sin3 ,

(b) find all the solutions of

sin 5 = 5 sin 3 ,

in the interval 0 < 2 . Give your answers to 3 decimal places.
(6)

P35413A 4

8. The differential equation

2

2

d
d

t
x + 6

t
x

d
d + 9x = cos 3t, t  0,

describes the motion of a particle along the x-axis.

(a)  Find the general solution of this differential equation. 
(8) 

(b)  Find the particular solution of this differential equation for which, at t = 0, x =
2
1  and 

t
x

d
d  = 0.

(5) 

On the graph of the particular solution defined in part (b), the first turning point for T > 30 is the 
point A. 

(c)  Find approximate values for the coordinates of A. 
(2)

TOTAL FOR PAPER: 75 MARKS

END
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1. Find the set of values of x for which 
x2 – 4 > 3x.

(5)

2. The curve C has polar equation

r = 1 + 2 cos ,      0 
2

.

At the point P on C, the tangent to C is parallel to the initial line.

Given that O is the pole, find the exact length of the line OP.
(7)

3.  (a)  Express the complex number –2 + (2 3)i in the form r (cos  + i sin ), – < . 
(3) 

(b)  Solve the equation 

z4 = –2 + (2 3)i  

  giving the roots in the form r (cos  + i sin ), – < . 
(5)

4. Find the general solution of the differential equation 

2

2

d
d

t
x + 5

t
x

d
d + 6x = 2 cos t – sin t.

(9) 

5.           x
x
y

d
d = 3x + y2.

(a)  Show that 

x 2

2

d
d

x
y  + (1 – 2y)

x
y

d
d  = 3. 

(2) 

Given that y = 1 at x = 1, 

(b) find a series solution for y in ascending powers of (x – 1),  up to and including the term
in (x – 1)3 . 

(8)
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6. (a) Express
)2(

1
rr

in partial fractions.

(2)

(b) Hence prove, by the method of differences, that

n

r rr1 )2(
1 =

)2)(1(4
)(

nn
bann ,

where a and b are constants to be found.
(6)

(c) Hence show that
n

nr rr

2

1 )2(
1 =

)12)(2)(1(4
)54(

nnn
nn .

(3)

7. (a) Show that the substitution y = vx transforms the differential equation

3xy 2

x
y

d
d = x3 + y3 (I)

into the differential equation

3v 2x
x
v

d
d = 1 – 2v3 (II)

(3)

(b) By solving differential equation (II), find a general solution of differential equation (I) in the 
form y = f(x).

(6)

Given that y = 2 at x = 1,

(c) find the value of 
x
y

d
d at x = 1.

(2)

P40104A 3

8. The point P represents a complex number z on an Argand diagram such that 

z  6i = 2 z  3 . 

(a) Show that, as z varies, the locus of P is a circle, stating the radius and the coordinates of the 
centre of this circle.

(6) 

The point Q represents a complex number z on an Argand diagram such that  

arg (z 6) = 
4

3 .

(b)  Sketch, on the same Argand diagram, the locus of P and the locus of Q as z varies.
(4) 

(c)  Find the complex number for which both z 6i = 2 z  3  and arg (z  6) = 
4

3 .

(4)

TOTAL FOR PAPER: 75 MARKS

END
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1. A transformation T from the z-plane to the w-plane is given by

2i
i

zw
z

  

The transformation maps points on the real axis in the z-plane onto a line in the w-plane.

Find an equation of this line. 
(4) 

2. Use algebra to find the set of values of x for which 

6 1
3 1

x
x x

(7) 

3. (a) Express 2
( 1)( 3)r r

in partial fractions.

(2) 

(b) Hence show that

1

2 (5 13)
( 1)( 3) 6( 2)( 3)

n

r

n n
r r n n

(4)

(c) Evaluate 
100

10

2
( 1)( 3)

r
r r

, giving your answer to 3 significant figures. 

(2) 

P42955A 2
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4. Given that
22

2
d d 5 0

dd
y yy y

xx

(a) find 
3

3
d
d

y
x

in terms of 
2

2
d
d

y
x

, d
d
y
x

and y.

(4)

Given that y = 2 and d
d
y
x

= 2 at x = 0

(b) find a series solution for y in ascending powers of x, up to and including the term in x3.
(5)

5. (a) Find, in the form y = f(x), the general solution of the equation

d 2 tan sin 2
d
y y x x
x

, 0 < x <
2

(6)

Given that y = 2 at x =
3

(b) find the value of y at x =
6

, giving your answer in the form a + k ln b,

where a and b are integers and k is rational.
(4)

P42955A 3

6. The complex number z = ei , where is real.

(a)  Use de Moivre’s theorem to show that 

zn + 1
nz

= 2cos 

where n is a positive integer.
(2) 

(b)  Show that 

cos5 = 1
16

(cos 5 + 5cos 3 + 10cos ) 

(5)

(c) Hence find all the solutions of

cos 5 + 5cos 3 + 12cos = 0

in the interval 0 < 2 .
(4) 

7. (a)  Find the value of for which t2e3t is a particular integral of the differential equation

2
3

2
d d6 9 6e

dd
ty y y

tt
, t

(5) 

(b)  Hence find the general solution of this differential equation. 
(3) 

Given that when t = 0, y = 5 and d
d
y
t

= 4

(c) find the particular solution of this differential equation, giving your solution in the 
form y = f(t).

(5) 

P42955A 4
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8.

Figure 1

Figure 1 shows a closed curve C with equation

1
23(cos 2 )r , where 

4 4
, 3 5

4 4

The lines PQ, SR, PS and QR are tangents to C, where PQ and SR are parallel to the initial 
line and PS and QR are perpendicular to the initial line. The point O is the pole.

(a) Find the total area enclosed by the curve C, shown unshaded inside the rectangle in 
Figure 1.

(4)

(b) Find the total area of the region bounded by the curve C and the four tangents, shown 
shaded in Figure 1.

(9)

TOTAL FOR PAPER: 75 MARKS
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1. (a) Express 2
(2 1)(2 3)r r

in partial fractions.

(2)

(b) Using your answer to (a), find, in terms of n,

1

3
(2 1)(2 3)

n

r
r r

Give your answer as a single fraction in its simplest form.
(3)

2. z = 5 – 5i

Find

(a) |z|,
(1)

(b) arg(z), in terms of .
(2)

2 cos isin
4 4

w

Find

(c) w
z

,

(1)

(d) arg w
z

, in terms of .

(2)

3.
2

2
d 4 sin 0
d

y y x
x

Given that y = 1
2

and d 1
d 8
y
x

at x = 0,

find a series expansion for y in terms of x, up to and including the term in x3.
(5)

P43149A 2

4. (a) Given that 
z = r(cos + i sin ), r R

prove, by induction, that zn = rn(cos n + i sin n ), n Z .
(5) 

3 33 cos isin
4 4

w

(b) Find the exact value of w5, giving your answer in the form a + ib, where a, b R .
(2)

5. (a) Find the general solution of the differential equation

2d 2 4
d
yx y x
x

(5) 

(b) Find the particular solution for which y = 5 at x = 1, giving your answer in the form 
y = f(x).

(2)

(c) (i) Find the exact values of the coordinates of the turning points of the curve with 
equation y = f(x), making your method clear. 

(ii) Sketch the curve with equation y = f(x), showing the coordinates of the turning 
points. 

(5) 

P43149A 3
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6. (a) Use algebra to find the exact solutions of the equation

|2x2 + 6x – 5| = 5 – 2x
(6)

(b) On the same diagram, sketch the curve with equation y = |2x2 + 6x – 5| and the line with 
equation y = 5 – 2x, showing the x-coordinates of the points where the line crosses the 
curve.

(3)

(c) Find the set of values of x for which

|2x2 + 6x – 5| > 5 – 2x
(3)

7. (a) Show that the transformation y = xv transforms the equation

2
2 2 4

2
d d4 8 (8 4 )

dd
y yx x x y x

xx
(I)

into the equation

2

2
d4 4
d

v v x
x

(II)

(6)

(b) Solve the differential equation (II) to find v as a function of x.
(6)

(c) Hence state the general solution of the differential equation (I).
(1)

P43149A 4

8.

Figure 1

Figure 1 shows a curve C with polar equation sin 2r a
2

, and a half-line l. 

The half-line l meets C at the pole O and at the point P. The tangent to C at P is parallel to the 
initial line. The polar coordinates of P are (R, ). 

(a) Show that cos = 1
3

.

(6) 

(b) Find the exact value of R.
(2) 

The region S, shown shaded in Figure 1, is bounded by C and l.

(c) Use calculus to show that the exact area of S is

21 19arccos 2
36 3

a

(7) 

TOTAL FOR PAPER: 75 MARKS

END
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1. (a) Show that 

1 1 1
1 2 3 2 1 2 2 2 3r r r r r r r

(2) 

(b) Hence, or otherwise, find 

1

1
1 2 3

n

r
r r r

 giving your answer as a single fraction in its simplest form. 
(4)

2. Use algebra to find the set of values of x for which 

6 2
3

x
x

(7)

3.  Solve the equation 

z5 = 16 – 16i

giving your answers in the form rei where is in terms of < 2 .
(5)

4. A transformation from the z-plane to the w-plane is given by 

3
zw

z
, z –3

Under this transformation, the circle |z| = 2 in the z-plane is mapped onto a circle C in the  
w-plane. 

Determine the centre and the radius of the circle C.
(7)
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5.
2

2

d d2 2 0
d d

y yx y
x x

(a) Show that

4 2
2

4 2

d d
d d

y yax b
x x

where a and b are constants to be found.
(5)

Given that y = 1 and d 3
d
y
x

at x = 0,

(b) find a series solution for y in ascending powers of x up to and including the term in x4.
(5)

(c) use your series to estimate the value of y at x = –0.2, giving your answer to four 
decimal places.

(2)

6. d 1 2
d
yx x y x
x

, x > 0

Find the general solution of the differential equation, giving your answer in the form y = f(x).
(9)

7. The point P represents a complex number z on an Argand diagram, where

|z + 1| = |2z – 1|

and the point Q represents a complex number w on the Argand diagram, where

|w| = |w

Find the exact coordinates of the points where the locus of P intersects the locus of Q.
(7)

P44517A 3

8. (a) Show that the substitution x = et transforms the differential equation

2
2

2

d d5 13 0
d d

y yx x y
x x

, x > 0 (I)

into the differential equation 

2

2

d d4 13 0
d d

y y y
t t

(7) 

(b) Hence find the general solution of the differential equation (I). 
(5)

9.

Figure 1

Figure 1 shows the curve C1 with polar equation 2 sin 2r a
2

, and the 

circle C2 with polar equation r = a, , where a is a positive constant.

(a) Find, in terms of a, the polar coordinates of the points where the curve C1 meets the 
circle C2. 

(3) 

The regions enclosed by the curve C1 and the circle C2 overlap and the common region R is 
shaded in Figure 1. 

(b) Find the area of the shaded region R, giving your answer in the form 21 3
12

a p q ,

where p and q are integers to be found. 
(7)
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1. (a) Express 2
2

4 1r
in partial fractions.

(2) 

(b) Hence use the method of differences to show that 

2
1

2
2 14 1

n

r

n
nr

(3)

2. Using algebra, find the set of values of x for which 

23 5x
x

(5) 

3. (a)  Find the general solution of the differential equation 

4 2d 2 tan e cos
d

xy y x x
x

,
2 2

x

 giving your answer in the form y = f(x).
(6)

(b) Find the particular solution for which y = 1 at x = 0.
(2) 
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4.

Figure 1

Figure 1 shows the curve C with polar equation

r = 2cos 2 , 0
4

The line l is parallel to the initial line and is a tangent to C.

Find an equation of l, giving your answer in the form r = f( ).
(9)

5.
22

2
d d2 2 0

dd
y yy y

xx

(a) Find an expression for 
3

3
d
d

y
x

in terms of 
2

2
d
d

y
x

, d
d
y
x

and y.

(4)

Given that y = 2 and d
d
y
x

= 0.5 at x = 0,

(b) find a series solution for y in ascending powers of x, up to and including the term in x3.
(5)

P43150A 3

6. The transformation T maps points from the z-plane, where z = x + iy, to the w-plane, where 
w = u + iv. 

The transformation T is given by 

i 1
zw

z
, z

The transformation T maps the line l in the z-plane onto the line with equation v = –1 in the 
w-plane. 

(a)  Find a cartesian equation of l in terms of x and y.
(5) 

The transformation T maps the line with equation y = 1
2

 in the z-plane onto the curve C in the 

w-plane. 

(b) (i) Show that C is a circle with centre the origin.

(ii) Write down a cartesian equation of C in terms of u and v.
(6) 

7. (a)  Use de Moivre’s theorem to show that 

sin 5  16 sin5 – 20 sin3 + 5 sin 
(5) 

(b)  Hence find the five distinct solutions of the equation 

16x5 – 20x3 + 5x + 1
2

= 0

giving your answers to 3 decimal places where necessary.
(5) 

(c) Use the identity given in (a) to find

4 5 3

0
4sin 5sin d

 expressing your answer in the form a 2 + b, where a and b are rational numbers.
(4) 
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8. (a) Show that the substitution x = ez transforms the differential equation

2
2

2
d d2 2 3ln

dd
y yx x y x

xx
, x > 0 (I)

into the equation

2

2
d d 2 3

dd
y y y z

zz
(II)

(7)

(b) Find the general solution of the differential equation (II).
(6)

(c) Hence obtain the general solution of the differential equation (I) giving your answer in 
the form y = f(x).

(1)
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1. (a) Express 2
( 2)( 4)r r

in partial fractions.

(1)

(b) Hence show that

1

7 252
( 2)( 4) 12 3 4

n

r

n n
r r n n

(5)

2. Use algebra to find the set of values of x for which

23 19 20 2 2x x x

(6)

3. 8 exy , x �

Find the series expansion for y in ascending powers of x, up to and including the term in x2,
giving each coefficient in its simplest form.

(8)

4. (a) Use de Moivre’s theorem to show that

cos 6 = 32cos6 – 48cos4 + 18cos2 – 1
(5)

(b)
2

64cos6 – 96cos4 + 36cos2 – 3 = 0

giving your answers as exact multiples of .
(5)

P44512A 2

5. (a)  Find the general solution of the differential equation 

2

2
d d2 10 27e

dd
xy y y

xx
(6) 

(b)  Find the particular solution that satisfies y = 0 and d
d
y
x

 = 0 when x = 0. 

(6)

6. The transformation T from the z-plane, where z = x + iy, to the w-plane, where w = u + iv,  
is given by 

4 1 i 8i
2 1 i i

z
w

z
, 1 1 i

4 4
z

The transformation T maps the points on the line l with equation y = x in the z-plane to a 
circle C in the w-plane. 

(a) Show that 

2

2
i

16 1
ax bx cw

x

where a, b and c are real constants to be found.
(6) 

(b) Hence show that the circle C has equation

(u – 3)2 + v2 = k2

where k is a constant to be found. 
(4) 

7. (a)  Show that the substitution v = y–3 transforms the differential equation

4 4d 2
d
yx y x y
x

(I)

into the differential equation

3d 3 6
d

v v x
x x

(II)

(5) 

(b) By solving differential equation (II), find a general solution of differential equation (I) in 
the form y3 = f(x).

(6)
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8.

Figure 1

Figure 1 shows a sketch of part of the curve C with polar equation

r = 1 + tan <
2

The tangent to the curve C at the point P is perpendicular to the initial line.

(a) Find the polar coordinates of the point P.
(5)

The point Q lies on the curve C, where =
3

.

The shaded region R is bounded by OP, OQ and the curve C, as shown in Figure 1.

(b) Find the exact area of R, giving your answer in the form

1 ln
2

p q r

where p, q and r are integers to be found.
(7)
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